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A non-Hermitian extension of a Chern insulator and its bulk-boundary correspondence are in-
vestigated. It is shown that in addition to the robust chiral edge states that reflect the nontrivial
topology of the bulk (nonzero Chern number), anomalous helical edge states localized only at one
edge can appear, which are unique to the non-Hermitian Chern insulator.
I. INTRODUCTION
Over the past decade, remarkable progress has been
achieved in phases of matter characterized by the topol-
ogy of their wave functions [1–5]. Such topological phases
were explored in solid-state systems including insula-
tors [6–13], superconductors [14–18], and semimetals [19–
21], as well as in photonic [22–26] and atomic [27–33]
systems, all of which are classified according to spatial
dimension and symmetry [34–41]. A hallmark of these
topological phases is the bulk-boundary correspondence:
the topologically protected gapless boundary states ap-
pear as a consequence of the nontrivial topology of the
gapped bulk. Examples include chiral edge states in
Chern insulators [7], helical edge states in quantum spin
Hall insulators [8–11], and Majorana zero modes in topo-
logical superconducting wires [15].
Recently, there has been growing interest in non-
Hermitian topological phases of matter both in the-
ory [42–72] and experiment [73–80]. In general, non-
Hermiticity arises from the exchange of energy and/or
particles with the environment [81–84], and several phe-
nomena unique to the nonconservative systems have been
theoretically proposed [85–113] and experimentally ob-
served [114–126]. A key feature of non-Hermitian sys-
tems is the presence of a level degeneracy called an ex-
ceptional point [127–129], at which eigenstates coalesce
to render the Hamiltonian nondiagonalizable. The ex-
ceptional point brings about novel functionalities with
no Hermitian counterparts such as unidirectional invis-
ibility [95, 116–118] and enhanced sensitivity [98, 102,
125, 126]. Recent studies have also revealed that non-
Hermiticity alters the nature of the bulk-boundary cor-
respondence in topological systems [43, 46, 47, 49, 51, 59,
60, 67]. Non-Hermiticity was shown to amplify the topo-
logically protected edge states [46], which were experi-
mentally observed in one dimension [75, 78] and two di-
mensions [79]. Furthermore, the presence of exceptional
points makes edge states anomalous, so that they are lo-
calized only at one edge in a non-Hermitian extension
of the Su-Schrieffer-Heeger model (i.e., a non-Hermitian
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system in one dimension that respects sublattice symme-
try) [49]. Despite these recent studies, the bulk-boundary
correspondence in non-Hermitian systems has yet to be
fully understood, especially in two dimensions.
In this work, we investigate a non-Hermitian extension
of a Chern insulator and its bulk-boundary correspon-
dence. In Sec. II, we give the topological invariants for a
general non-Hermitian system in two dimensions without
symmetry (2D class A). In Sec. III, we consider a typical
non-Hermitian Chern insulator and provide its phase dia-
gram under the periodic boundary condition. It consists
of the gapped phases characterized by the Chern number
and the gapless phases characterized by the topological
charges accompanied by exceptional points. In Sec. IV,
we investigate the topologically protected edge states.
The chiral edge states are shown to be robust even in the
non-Hermitian systems; they can also be amplified (las-
ing) due to the presence of non-Hermiticity. Moreover,
we find the emergence of the helical edge states localized
only at one edge in some phases. These anomalous heli-
cal edge states do not have Hermitian counterparts and
hence they are unique to the non-Hermitian Chern insu-
lator. In Sec. V, we conclude the paper with an outlook.
II. TOPOLOGICAL INVARIANTS
We first provide the topological invariants of a general
non-Hermitian system in two dimensions without sym-
metry (2D class A). If the Hamiltonian H (k) is diago-
nalizable, it can be expressed as
H (k) =
∑
n
En (k) |ϕn (k)〉 〈χn (k)| . (1)
Here En (k) is a complex eigenenergy and |ϕn (k)〉
(|χn (k)〉) is the corresponding right (left) eigenstate [130,
131], which satisfy
H (k) |ϕn (k)〉 = En (k) |ϕn (k)〉 ,
H† (k) |χn (k)〉 = E∗n (k) |χn (k)〉 ,
(2)
and
〈χm (k) |ϕn (k)〉 = δmn,∑
n
|ϕn (k)〉 〈χn (k)| = I, (3)
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2with the identity matrix I. Here |ϕn (k)〉 and |χn (k)〉
are equal to each other in the presence of Hermiticity,
but they are not for general non-Hermitian Hamiltoni-
ans. If the complex band n is separated from the others
(i.e., ∀k, m Em (k) 6= En (k)), we can define the Berry
connection Ain (k) and the Berry curvature Fn (k) of the
complex band n as
Ain (k) := i 〈χn (k) | ∂kiϕn (k)〉 , (4)
Fn (k) := ∂kxAyn (k)− ∂kyAxn (k) , (5)
and the (first) Chern number as [45, 62]
Cn :=
∫
BZ
d2k
2pi
Fn ∈ Z, (6)
where the integration is taken over the first Brillouin zone
(BZ). The Chern number remains unchanged as long as
the complex band is separated and the Hamiltonian is
diagonalizable. Due to the difference between the left
and right eigenstates, there is some arbitrariness con-
cerning the definition of the Berry connection. For in-
stance, it can also be defined only by the right eigen-
states as A˜in (k) := i 〈ϕn (k) | ∂kiϕn (k)〉. However, the
Chern number does not depend on such choices of the
eigenstates and can be uniquely defined [62].
On the other hand, the Chern number is not well-
defined if the Hamiltonian is nondiagonalizable at a
wavenumber k = kEP (i.e., some eigenstates coalesce
and linearly depend on each other) [127–129]. Instead,
in the presence of such a defective point (exceptional
point), we can define another topological invariant given
by [51, 52, 62, 76, 121, 122]
ν (kEP) :=
∮
Γ(kEP)
dk
2pii
· ∇k log (Em − En) , (7)
where the two bands Em (k) and En (k) coalesce at
k = kEP, and Γ (kEP) is a closed loop in momentum
space that encircles kEP. Here fractional ν (kEP) implies
that Em (k) − En (k) is multi-valued and that kEP be-
comes a branch point in momentum space. The charge
ν (kEP) defined as Eq. (7) is topological in that it cannot
be changed unless the exceptional point is annihilated.
III. PHASES AND COMPLEX SPECTRA
In the following, we consider the non-Hermitian Chern
insulator given by
H (k) = (m+ t cos kx + t cos ky)σx
+ (iγ + t sin kx)σy + (t sin ky)σz,
(8)
where t, m, and γ are real parameters and we assume
t > 0. In the case of γ = 0, the model reduces to the well-
known Hermitian Chern insulator that is characterized
by the Chern number [1–5]. The eigenstates form two
FIG. 1. Phase diagram of the non-Hermitian Chern insulator
with periodic boundaries given by Eq. (8). The white regions
represent the gapped phases that are characterized by the
Chern number C. The orange (ν0 6= 0), blue (νpi 6= 0), and
green (ν0 6= 0, νpi 6= 0) regions represent the gapless phases
where pairs of exceptional points appear on kx = 0, kx = ±pi,
and both kx = 0 and kx = ±pi, respectively.
bands and their complex energy dispersions are obtained
as
E± (k) = ±
[
(m+ t cos kx + t cos ky)
2
+ (iγ + t sin kx)
2
+ (t sin ky)
2
]1/2
.
(9)
The Hamiltonian becomes defective if and only if
∃ kEP ∈ [−pi, pi]2 s.t. E± (kEP) = 0. (10)
This requires sin (kEP)x = 0 and reduces to the following
conditions:
(1) Exceptional points appear on (kEP)x = 0; Eq. (10)
reduces to
γ2 = (m+ t)
2
+ t2 + 2t (m+ t) cos (kEP)y , (11)
where (kEP)y ∈ [−pi, pi] exists if and only if{
|m| ≤ |γ| ≤ |m+ 2t| for m ≥ −t;
|m+ 2t| ≤ |γ| ≤ |m| for m ≤ −t. (12)
(2) Exceptional points appear on (kEP)x = ±pi;
Eq. (10) reduces to
γ2 = (m− t)2 + t2 + 2t (m− t) cos (kEP)y , (13)
3FIG. 2. Complex-band structures of the non-Hermitian Chern
insulator E± = E± (kx, ky) given by Eq. (9). The orange
(blue) band represents E+ (E−). (a-b) Real and imaginary
parts of the gapped and topologically trivial bands with zero
Chern number C = 0 (t = 1.0, m = −3.0, γ = 0.5). (c-
d) Real and imaginary parts of the gapped and topologically
nontrivial bands with nonzero Chern number C = −1 (t =
1.0, m = −1.0, γ = 0.5). (e-f) Real and imaginary parts of
the gapless bands with a pair of exceptional points on kx = 0
(t = 1.0, m = −2.0, γ = 1.0). (g-h) Real and imaginary parts
of the gapless bands with two pairs of exceptional points on
both kx = 0 and kx = ±pi (t = 1.0, m = −0.2, γ = 1.0).
where (kEP)y ∈ [−pi, pi] exists if and only if{
|m− 2t| ≤ |γ| ≤ |m| for m ≥ t;
|m| ≤ |γ| ≤ |m− 2t| for m ≤ t. (14)
Hence we obtain the phase diagram (Fig. 1) and the
corresponding complex band structures (Fig. 2). The
gapped phases with E+ (k) 6= E− (k) for all k (Fig. 2 (a-
d)) are characterized by the Chern number defined by
Eq. (6). Similar to the Hermitian counterparts, the
Chern number determines the presence or absence of
the chiral edge states, as discussed in the next section.
Remarkably, the gapped phases are separated by the
broad gapless phases that accompany pairs of exceptional
points (Fig. 2 (e-h)), whereas they are separated by a
point in the Hermitian counterpart (γ = 0). The appear-
ance of such large gapless phases arises from the fact that
a level degeneracy requires fine-tuning two parameters for
a general 2×2 non-Hermitian matrix, although it requires
fine-tuning three parameters for a general 2×2 Hermitian
matrix [62, 65, 76, 127]; non-Hermitian systems in two di-
mensions can be gapless without fine-tuning parameters
or the presence of certain symmetry. As explained in the
last section, the topological invariants can be defined for
each exceptional point as Eq. (7). For instance, if there
appears a pair of exceptional points at kEP = (0, ±κ)
(κ > 0) as in Fig. 2 (e-f), the energy dispersions near the
exceptional points are given by
E+ (k) '
√
2itγkx ± t2 (sin 2κ) (ky ∓ κ). (15)
Here the square-root singularity implies that the excep-
tional points k = kEP become branch points and that the
topological charges defined by Eq. (7) are ν = ±1/2 for
kEP = (0, ±κ). Although the Chern number cannot be
defined, we find the emergence of the anomalous helical
edge states in these gapless phases, as discussed in the
next section.
IV. EDGE STATES
The hallmark of the Hermitian Chern insulator is the
emergence of the chiral edge states that correspond to
the nontrivial topology of the bulk [1–5]. It is shown
that the bulk-edge correspondence in the presence of non-
Hermiticity is sensitive to the boundary conditions [132].
In the following, we investigate the system with open
boundaries only in the y direction, the system with open
boundaries only in the x direction, and the system with
open boundaries in both x and y directions.
A. Open boundaries in the y direction
We first consider the following non-Hermitian Chern
insulator with periodic boundaries in the x direction and
open boundaries in the y direction:
Hˆ =
∑
kx
∑
y
{[
cˆ†kx,y+1
t (σx + iσz)
2
cˆkx,y + H.c.
]
+ cˆ†kx,y [(m+ t cos kx)σx + (iγ + t sin kx)σy] cˆkx,y
}
,
(16)
4FIG. 3. Complex spectrum of the non-Hermitian Chern in-
sulator given by Eq. (16), which has periodic boundaries
in the x direction and open boundaries in the y direction
(Ly = 30). (a-b) Real and imaginary parts of the com-
plex spectrum in the gapped and topologically trivial phase
(t = 1.0, m = −3.0, γ = 0.5). No gapless states appear
between the gapped complex bands. (c-d) Real and imagi-
nary parts of the complex spectrum in the gapped and topo-
logically nontrivial phase (t = 1.0, m = −1.0, γ = 0.5). A
pair of chiral edge states appears at both edges between the
gapped complex bands whose dispersions are Eedge (kx) =
± (t sin kx + iγ). (e-f) Real and imaginary parts of the com-
plex spectrum in the gapless phase with an exceptional point
at kx = 0 (t = 1.0, m = −2.0, γ = 1.0). (g-h) Real
and imaginary parts of the complex spectrum in the gapless
phase with exceptional points at both kx = 0 and kx = ±pi
(t = 1.0, m = −0.2, γ = 1.0). A pair of chiral edge states
appears at both edges, despite the absence of the energy gap.
where cˆkx,y (cˆ
†
kx,y
) annihilates (creates) a fermion with
two internal degrees of freedom on site y and with mo-
mentum kx.
In the gapped phase with the topologically trivial
bulk (Fig. 2 (a-b)), no gapless states appear between the
gapped complex bands (Fig. 3 (a-b)). In the gapped
phase with the topologically nontrivial bulk (Fig. 2 (c-
d)), on the other hand, chiral edge states appear, one
localized at the right edge and the other localized at the
left edge (Fig. 3 (c-d) and Fig. 4). The energy dispersions
of these chiral edge states are analytically obtained as
Eleft (kx) = −t sin kx − iγ, Eright (kx) = t sin kx + iγ,
(17)
FIG. 4. Wavefunctions of the non-Hermitian Chern insulator
given by Eq. (16), which has periodic boundaries in the x
direction and open boundaries in the y direction (Ly = 30).
The system is in the gapped and topologically nontrivial phase
that corresponds to Fig. 3 (c-d) (t = 1.0, m = −1.0, γ =
0.5; kx = 0.1pi). Whereas the bulk state with E = 0.985 +
0.157i (green dots) is delocalized throughout the bulk, the
chiral edge states with E = ± (0.309 + 0.5i) (red and blue
dots) are localized at both edges.
and the corresponding edge states are given by
Ψˆleft (kx) ∝
Ly∑
y=1
(
− cos kx − m
t
)y−1
cˆkx,y
(
1
−i
)
,
Ψˆright (kx) ∝
Ly∑
y=1
(
− cos kx − m
t
)y−1
cˆkx,y
(
1
i
)
,
(18)
which satisfy [Hˆ, Ψˆleft/right] = Eleft/right Ψˆleft/right in the
thermodynamic limit Ly → ∞ (see Appendix A for the
detailed derivation [133–136]). Here |cos kx +m/t| < 1 is
required for the localization (normalization) of these edge
states. The obtained edge states are immune to disorder
and hence topologically protected (see Appendix B for
details). Remarkably, the right edge state has the largest
imaginary part for γ > 0, whereas the left edge state has
the smallest imaginary part. Physically, this results in
the amplification (lasing) of the right edge state and the
attenuation of the left edge state, just like a topological
insulator laser recently proposed and realized [79].
In the gapless phases, there appear exceptional points
on kx = 0 and/or kx = ±pi (Fig. 3 (e-h)). Whereas no
edge states appear in Fig. 3 (e-f), a pair of chiral edge
states emerges at both edges as shown in Fig. 3 (g-h),
which are also described by Eqs. (17) and (18). The latter
case corresponds to the gapless phase with ν0, νpi 6= 0
between the gapped C = +1 and C = −1 phases (see the
green regions in Fig. 1). Such a gapless phase connects
the gapped and topologically nontrivial phases, provided
that C4 rotational symmetry is maintained. Despite the
absence of the energy gap, these chiral edge states are
also stable against weak perturbations (see Appendix B
for details), which implies their topological origin. We
5FIG. 5. Complex spectrum of the non-Hermitian Chern in-
sulator given by Eq. (19), which has open boundaries in
the x direction (Lx = 30) and periodic boundaries in the
y direction. (a-b) Real and imaginary parts of the com-
plex spectrum in the gapped and topologically trivial phase
(t = 1.0, m = −3.0, γ = 0.5). No gapless states appear be-
tween the gapped complex bands. (c-d) Real and imaginary
parts of the complex spectrum in the gapped and topologi-
cally nontrivial phase (t = 1.0, m = −1.0, γ = 0.5). A pair of
chiral edge states appears between the gapped complex bands.
(e-f) Real and imaginary parts of the complex spectrum for
t = 1.0, m = −2.0, and γ = 1.0. Although the complex bands
are gapless for the corresponding periodic systems (Fig. 2 (e-
f)), the gap is open and the helical edge states localized only
at the right edge appear. (g-h) Real and imaginary parts of
the complex spectrum for t = 1.0, m = −0.2, and γ = 1.0.
Although the complex bands are gapless for the correspond-
ing periodic systems (Fig. 2 (g-h)), the gap is open and two
pairs of helical edge states appear, one localized at the right
edge and the other localized at the left edge.
note that Ref. [137] discusses a similar gapless topological
phase in Hermitian topological superconductors in two
dimensions.
B. Open boundaries in the x direction
We next consider the following non-Hermitian Chern
insulator with open boundaries in the x direction and
FIG. 6. Wavefunctions of the non-Hermitian Chern insula-
tor given by Eq. (19), which has open boundaries in the x
direction (Lx = 30) and periodic boundaries in the y direc-
tion. (a) The system is in the gapped and topologically non-
trivial phase that corresponds to Fig. 5 (c-d) (t = 1.0, m =
−1.0, γ = 0.5; kx = 0.1pi). The chiral edge states with
E = ±0.309 (red and blue dots) at both edges are more local-
ized than the bulk state with E = 1.04 + 0.48i (green dots).
(b) The system is in the gapped phase that corresponds to
Fig. 5 (e-f) (t = 1.0, m = −2.0, γ = 1.0; kx = 0.1pi). The
helical edge states with E = ±0.309 (red and blue dots) are
localized only at the right edge, one of which is more localized
than the bulk state with E = 0.968 + 0.204i (green dots) and
the other of which is not.
periodic boundaries in the y direction:
Hˆ =
∑
x
∑
ky
{[
cˆ†x+1,ky
t (σx + iσy)
2
cˆx,ky + H.c.
]
+ cˆ†x,ky [(m+ t cos ky)σx + iγ σy + (t sin ky)σz] cˆx,ky
}
,
(19)
where cˆx,ky (cˆ
†
x,ky
) annihilates (creates) a fermion with
two internal degrees of freedom on site x and with mo-
mentum ky.
As in the case with the results obtained in the last sec-
tion, the chiral edge states appear in the gapped phase
with nonzero Chern number (Fig. 5 (c-d) and Fig. 6 (a)),
whereas no edge states appear in the gapped phase with
zero Chern number (Fig. 5 (a-b)). However, the energy
dispersions are drastically different from those with peri-
odic boundaries (Fig. 2) [132, 138]. In particular, the
spectra are entirely real in some cases (Fig. 5 (b, f)),
which are to be contrasted with the corresponding pe-
riodic cases (Fig. 2 (b, f)). The eigenstates also differ
from the periodic case: all the eigenstates are localized
at either left or right edge (Fig. 6). The energy disper-
sions of the chiral edge states are obtained as
Eleft (ky) = t sin ky, Eright (ky) = −t sin ky, (20)
6FIG. 7. Phase diagram of the non-Hermitian Chern insu-
lator given by Eq. (19), which has open boundaries in the
x direction and periodic boundaries in the y direction. The
gapped phases are distinguished by the presence (red regions)
or absence (gray regions) of the edge states, and NL (NR) is
the number of them localized at the left (right) edge. Across
the blue lines, the number of edge states localized at either
left or right edge changes, whereas the total number of edge
states does not. The four green dots represent the set of pa-
rameters used in Fig. 5. In stark contrast to the Hermitian
counterparts, the phase diagram is drastically different from
that under the periodic boundary condition (Fig. 1).
and the corresponding edge states are given by
Ψˆleft (ky) ∝
Lx∑
x=1
(
− cos ky − m− γ
t
)x−1
cˆx,ky
(
1
0
)
,
Ψˆright (ky) ∝
Lx∑
x=1
(
− cos ky − m+ γ
t
)x−1
cˆx,ky
(
0
1
)
.
(21)
Here the imaginary parts of the edge states vanish in
contrast to Eq. (17). In addition, the localization lengths
depend on the non-Hermiticity γ in contrast to Eq. (18),
and they are different according to which edge they are
localized at; the left edge state is present for |m− γ| < 2t,
while the right edge state is present for |m+ γ| < 2t.
Remarkably, the energy gap can be open (Fig. 5 (e-h))
even in the gapless phases for the corresponding peri-
odic systems (Fig. 2 (e-h)), and there appears a pair of
helical edge states that are localized only at the right
edge (Fig. 5 (e-f) and Fig. 6 (b)). The emergence of
such anomalous edge states localized only at one edge
reminds us of those in a one-dimensional system with
sublattice symmetry [49]. In another phase, two pairs of
helical edge states appear, one localized at the right edge
and the other localized at the left edge (Fig. 5 (g-h)).
These anomalous helical edge states are immune to dis-
order that does not close the energy gap, and hence they
are topologically protected (see Appendix B for details).
Moreover, the finite-size effects are negligible in this sys-
tem (see Appendix C for details). The phase diagram
of this open-boundary system is numerically obtained as
shown in Fig. 7, which is drastically different from that of
the periodic-boundary system (Fig. 1) in stark contrast
to the Hermitian counterparts. Along with such sensitiv-
ity of the complex spectrum to the boundary conditions,
recent work [67] proposed a generalized Chern number
that precisely predicts the emergence of the chiral edge
states even under the open boundary condition.
The emergence of the anomalous helical edge states is
qualitatively understood as follows. Let us consider the
topological phase transition from the gapped phase with
C = −1 to that with C = 0, through the ν0 6= 0 phase
(Fig. 1). In the C = −1 phase, the chiral edge states
appear at both edges given as Eq. (21), and all the eigen-
states except for the left chiral edge state are localized at
the right edge. If we approach the boundary between the
C = −1 and ν0 6= 0 phases, the left chiral edge state grad-
ually becomes delocalized, whereas the right chiral edge
state does not. At the boundary between the C = −1
and ν0 6= 0 phases, the bulk gap closes (even under the
open boundary condition along the x direction), and the
left chiral edge state is absorbed into the bulk eigenstates
and shifted to the right edge. In fact, the left chiral edge
state vanishes at the phase boundary |m− γ| = 2t, as
described above. Inside the ν0 6= 0 phase, the bulk eigen-
states acquire an energy gap, but the helical edge states
remain gapless. At the boundary between the ν0 6= 0
and C = 0 phases, the helical edge states are absorbed
into the bulk eigenstates and disappear inside the C = 0
phase.
Since the helical edge states emerge in the ν0 6= 0
phase, they may be related to the topological charges
of exceptional points given by Eq. (7). In addition, we
point out that the helical edge states in Fig. 5 (e-f) seem
to bridge the two exceptional points that appear in the
periodic systems (Fig. 2 (e-f)).
C. Open boundaries in both x and y directions
Finally, we investigate the following non-Hermitian
Chern insulator with open boundaries in both x and y
directions:
Hˆ =
∑
x
∑
y
{[
cˆ†x,y+1
t (σx + iσz)
2
cˆx,y + H.c.
]
+
[
cˆ†x+1,y
t (σx + iσy)
2
cˆx,y + H.c.
]
+ cˆ†x,y (mσx + iγ σy) cˆx,y
}
,
(22)
where cˆx,y (cˆ
†
x,y) annihilates (creates) a fermion with two
internal degrees of freedom on site (x, y).
7FIG. 8. Complex spectrum of the non-Hermitian Chern insu-
lator given by Eq. (22), which has open boundaries in both x
and y directions (Lx = Ly = 30). Real and imaginary parts
of the complex eigenenergies are shown for (a) t = 1.0, m =
−3.0, γ = 0.5, (b) t = 1.0, m = −1.0, γ = 0.5, (c) t =
1.0, m = −2.0, γ = 1.0, and (d) t = 1.0, m = −0.2, γ = 1.0.
The complex gap is open in all the cases, and the gapless edge
states appear for (b-d).
FIG. 9. Wavefunctions of the non-Hermitian Chern insulator
given by Eq. (22), which has open boundaries in both x and y
directions (Lx = Ly = 30). The system is in the gapped phase
that corresponds to Fig. 8 (b) (t = 1.0, m = −1.0, γ = 0.5)
for (a-b) and Fig. 8 (c) (t = 1.0, m = −2.0, γ = 1.0) for (c-d).
The gapless states (b, d) are more localized at the right edge
than the bulk states (a, c).
The numerically obtained complex spectra are shown
in Fig. 8. Remarkably, the gapless edge states do not
hybridize with each other but survive even in this open
boundary condition (Fig. 8 (b-d)). These gapless states
are more localized than the bulk states (Fig. 9). In con-
trast to the Hermitian counterparts, they are localized
only at the right edge and hence do not circulate around
the boundary.
V. CONCLUSION AND OUTLOOK
In this work, we have investigated a non-Hermitian
Chern insulator and its bulk-boundary correspondence.
We have found the phase diagram of the system with
periodic boundaries; the gapped phases characterized by
the Chern number are separated by the gapless phases
characterized by the topological charges accompanied by
exceptional points. We have also investigated topolog-
ically protected edge states for the same system with
open boundaries. We have shown that the chiral edge
states that correspond to the nontrivial topology of the
bulk are robust even in this non-Hermitian system, and
found the emergence of the anomalous helical edge states
that are localized only at one edge. Our work serves as
a two-dimensional generalization of the anomalous edge
states in one dimension [49]. Such anomalous edge states
may appear even in different dimensions (including three
dimensions) and symmetry classes, which we leave for
future work.
Another important outstanding issue is to find the
topological invariants that characterize the anomalous
helical edge states and to establish their bulk-boundary
correspondence. In the integer quantum Hall effect, the
physical origin of the chiral edge states can be attributed
to the presence of a confining potential around the edges
and the gauge invariance for virtual magnetic fields [139–
142]. It merits further study to establish such a physical
picture for the helical edge states in the non-Hermitian
Chern insulator discussed in this work.
Note added.—After completion of this work, we be-
came aware of a recent related work [143], which also in-
vestigates a non-Hermitian Chern insulator and its edge
states. Moreover, Refs. [144, 145], which appeared after
the present work was submitted, study the Hall conduc-
tance of a non-Hermitian Chern insulator.
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8FIG. 10. Stability of the chiral and helical edge states. (a-
d) Complex spectrum of the disordered non-Hermitian Chern
insulator given by Eq. (B1) as a function of the wavenum-
ber kx. The periodic boundary condition is imposed in the
x direction, while the open boundary condition is imposed in
the y direction (Ly = 30). The chiral edge states are robust
against disorder for both (a-b) t = 1.0, my = −1.0 + 0.5 y,
and γy = 0.5 + 0.5 
′
y, and (c-d) t = 1.0, my = −0.2 + 0.2 y,
and γy = 1.0 + 0.2 
′
y, where y and 
′
y are random variables
uniformly distributed over [−0.5, 0.5]. (e-f) Complex spec-
trum of the disordered non-Hermitian Chern insulator given
by Eq. (B2) as a function of the wavenumber ky. The open
boundary condition is imposed in the x direction (Lx = 30),
while the periodic boundary condition is imposed in the y di-
rection. The helical edge states are robust against disorder
for t = 1.0, mx = −2.0 + 0.5 x, and γx = 1.0 + 0.5 ′x.
Appendix A: Exact forms of the chiral edge states
We analytically derive the energy dispersions and wave
functions of the chiral edge states in the non-Hermitian
Chern insulator discussed in the main text [133]. We
first consider the chiral edge state at the left edge of
the Hamiltonian given by Eq. (16). If the edge state is
expressed as
Ψˆleft ∝
Ly∑
y=1
λy−1 (cˆkx,y ~v) , (A1)
where λ denotes a parameter that determines the lo-
calization length (given by − (log |λ|)−1) and ~v is a
two-component vector. Then the Schro¨dinger equation
[Hˆ, Ψˆleft] = Eleft Ψˆleft reduces to(
λ−1T +M + λT †
)
~v = Eleft ~v (A2)
in the bulk and (
M + λT †
)
~v = Eleft ~v (A3)
FIG. 11. Complex spectrum of the non-Hermitian Chern in-
sulator given by Eq. (19), which has open boundaries in the x
direction (Lx = 200) and periodic boundaries in the y direc-
tion. The same sets of parameters are used as in Fig. 5. The
band gap is open and the chiral or helical edge states survive
even in this larger system.
at the left edge. Here T and M are defined as
T := t (σx + iσz) /2 and M := (m+ t cos kx)σx +
(iγ + t sin kx)σy, and we take the semi-infinite limit
Ly → ∞ and neglect the effect of the right edge. Com-
bining Eqs. (A2) and (A3), we have T~v = 0, which leads
to ~v = (1 − i)T . Hence with Eq. (A3) we have
[Eleft + (t sin kx + iγ)] (1 − i)T
= [λt+ (m+ t cos kx)] (−i 1)T ,
(A4)
which gives Eqs. (17) and (18) in the main text. For the
presence of this edge state, there exists a wavenumber
kx that satisfies |cos kx +m/t| < 1, which reduces to
|m| < 2t. The other chiral edge state at the right edge is
also obtained in a similar manner.
We next consider the chiral edge state at the left edge
of the Hamiltonian given by Eq. (19). If the edge state
is expressed as
Ψˆleft ∝
Lx∑
x=1
λx−1left
(
cˆx,ky ~v
)
, (A5)
the Schro¨dinger equation [Hˆ, Ψˆleft] = Eleft Ψˆleft reduces
to Eqs. (A2) and (A3) with T := t (σx + iσy) /2 and
9M := (m+ t cos ky)σx + iγ σy + (t sin ky)σz. We again
have T~v = 0 and hence ~v = (1 0)
T
. With Eq. (A3), we
have
[Eleft − t sin ky] (1 0)T
= [λleftt+ (m+ t cos kx − γ)] (0 1)T ,
(A6)
which gives Eqs. (20) and (21) in the main text. While
the other chiral edge state at the right edge is also ob-
tained in a similar manner, their localizations depend
differently on the non-Hermiticity γ; the left edge state
appears for |m− γ| < 2t, while the right one appears for
|m+ γ| < 2t.
Appendix B: Robustness against disorder
The chiral and helical edge states revealed in the main
text are immune to disorder. To confirm this, we first
consider the following disordered non-Hermitian Chern
insulator with periodic boundaries in the x direction and
open boundaries in the y direction:
Hˆ =
∑
kx
∑
y
{[
cˆ†kx,y+1
t (σx + iσz)
2
cˆkx,y + H.c.
]
+ cˆ†kx,y [(my + t cos kx)σx + (iγy + t sin kx)σy] cˆkx,y
}
,
(B1)
where my and γy denote the parameters characterizing
disorder on site y. The chiral edge states appear even
in the presence of disorder and hence are topologically
protected (Fig. 10 (a-d)). We also consider the follow-
ing disordered non-Hermitian Chern insulator with open
boundaries in the x direction and periodic boundaries in
the y direction:
Hˆ =
∑
x
∑
ky
{[
cˆ†x+1,ky
t (σx + iσy)
2
cˆx,ky + H.c.
]
+ cˆ†x,ky [(mx + t cos ky)σx + iγx σy + (t sin ky)σz] cˆx,ky
}
,
(B2)
where mx and γx denote the parameters characterizing
disorder on site x. As well as the chiral edge states, the
helical edge states are topologically protected (Fig. 10 (e-
f)).
Appendix C: Finite-size effect
Figure 11 represents the complex spectrum of the non-
Hermitian Chern insulator with open boundaries in the
x direction and periodic boundaries in the y direction. In
contrast to Fig. 5 with Lx = 30, Fig. 11 is on the larger
systems with Lx = 200. The band gap is open and the
chiral or helical edge states survive even in this larger
system; the finite-size effects are thus negligible.
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